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ABSTRACT Fluorescence decay after photoactivation (FDAP) and fluorescence recovery after photobleaching (FRAP) are
well established approaches for studying the interaction of the microtubule (MT)-associated protein tau with MTs in neuronal
cells. Previous interpretations of FDAP/FRAP data have revealed dwell times of tau on MTs in the range of several seconds.
However, this is difficult to reconcile with a dwell time recently measured by single-molecule analysis in neuronal processes
that was shorter by two orders of magnitude. Questioning the validity of previously used phenomenological interpretations of
FDAP/FRAP data, we have generalized the standard two-state reaction-diffusion equations by 1), accounting for the parallel
and discrete arrangement of MTs in cell processes (i.e., homogeneous versus heterogeneous distribution of tau-binding sites);
and 2), explicitly considering both active (diffusion upon MTs) and passive (piggybacking uponMTs at rates of slow axonal trans-
port) motion of bound tau. For some idealized cases, analytical solutions were derived. By comparing them with the full numer-
ical solution and Monte Carlo simulations, the respective validity domains were mapped. Interpretation of our FDAP data (from
processes of neuronally differentiated PC12 cells) in light of the heterogeneous formalism yielded independent estimates for the
association (~2 ms) and dwell (~100 ms) times of tau to/on a single MT rather than in an MT array. The dwell time was shorter by
orders of magnitude than that in a previous report where a homogeneous topology of MTs was assumed. We found that the
diffusion of bound tau was negligible in vivo, in contrast to an earlier report that tau diffuses along the MT lattice in vitro.
Methodologically, our results demonstrate that the heterogeneity of binding sites cannot be ignored when dealing with reac-
tion-diffusion of cytoskeleton-associated proteins. Physiologically, the results reveal the behavior of tau in cellular processes,
which is noticeably different from that in vitro.
INTRODUCTION
Biopolymer networks maintain cellular structure, guide
intracellular transport, and anchor cellular components.
This is of particular importance for neurons where arrays
of microtubules (MTs) stabilize the long processes and
rail the axoplasmic transport (1). Various MT-associated
proteins (MAPs), such as MAP2 and the tau protein, are
abundant in neurons, and electron micrographs have pro-
vided evidence that they decorate MTs and determine the
MT-MT distance in the array (2,3).

The tau protein is highly enriched in the axonal compart-
ment, and one might assume that motor proteins would
frequently encounter bound tau along their path (4), which
would affect motor-protein-driven axonal transport. In
fact, tau was found to reduce the attachment frequency of
motor proteins to MTs (5) and to inhibit the motility of ki-
nesin in vitro (6). In stably transfected cultured cells, over-
expression of tau inhibited kinesin-dependent trafficking of
vesicles (7). However, results from these studies were not
consistent with in vivo experiments in squid axoplasm,
where even a high (20-fold) excess of tau over its physiolog-
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ical concentration did not influence fast axonal transport
processes (8). Analysis of tau knockout or overexpressing
mice did not reveal changes in axonal transport rates either,
indicating that tau is not required, nor does it adversely
affect, axonal transport in the nervous system of living
mice (9). Interestingly, in vitro single-molecule imaging ex-
periments provided evidence that MT-stabilizing agents
affect the influence of tau on kinesin motility (10), which
might explain the differences between in vitro and in vivo
studies. Taken together, the data suggest that the tau-MT
interaction and regulation of the axonal transport by tau
are more complex than previously recognized and require
that the spatial arrangement of MTs in axonal arrays be
taken into account.

MTs are dynamic polymers, and the dynamic-instability
model states that the MT steady state represents a balance
between the majority of slowly growing MTs and the minor-
ity of rapidly depolymerizing ones (11). In cell-free assays,
tau suppresses the steady-state dynamics of MTs already at
very low molar ratios of tau to tubulin (12) and influences
the mean rate and extent of shortening as well as growing.
In addition, tau suppresses catastrophe and increases rescue
events, indicating a complex effect on several parameters of
the dynamic instability. Consistent with in vitro data, tau
http://dx.doi.org/10.1016/j.bpj.2014.09.016

mailto:maxim.igaev@biologie.uni-osnabrueck.de
http://dx.doi.org/10.1016/j.bpj.2014.09.016
http://crossmark.crossref.org/dialog/?doi=10.1016/j.bpj.2014.09.016&domain=pdf
http://dx.doi.org/10.1016/j.bpj.2014.09.016
http://dx.doi.org/10.1016/j.bpj.2014.09.016
http://dx.doi.org/10.1016/j.bpj.2014.09.016
http://dx.doi.org/10.1016/j.bpj.2014.09.016


2568 Igaev et al.
suppresses the MT dynamics and reduces the rate and extent
of both growing and shortening events even when microin-
jected at physiological levels in cultured cells (13). To better
understand the role of tau in living cells, it will be relevant to
reconcile the tau-MT interaction with its complex effect on
the MT dynamics under conditions that prevail in an MT
array. Thus, in this work, we focus on the diffusion-reaction
of tau in extended processes as opposed to the cell body and
the growth cone.

Among live-cell fluorescence microscopy techniques,
fluorescence recovery after photobleaching (FRAP (14–
16)) and fluorescence decay after photoactivation (FDAP
(17)) have been applied previously to study the tau-MT
interaction in living cells. The experimental setup and data
evaluation are similar in both cases. The molecule of interest
is fluorescently tagged, e.g., by some variant of green fluo-
rescent protein (GFP). For FRAP, the molecule of interest is
tagged with a GFP; for FDAP, it is tagged with a photoacti-
vatable GFP (PAGFP). A certain region within a cell is irre-
versibly bleached/photoactivated by a focused laser flash,
and the fluorescence intensity distribution as a function of
time is monitored in the microscopic region of interest.
The recovery/decay transient is fitted by a mathematical
model to yield mobility and binding properties of the target
molecule. For extracting the parameters of binding and
diffusion of tau, the cited authors (14,15,17) made use of
phenomenological exponential expressions and approxi-
mate solutions to the full reaction-diffusion equations.
Whereas the former might prove inadequate when dealing
with several diffusing species or reaction-diffusion, the
latter need validation through the full numerical solution
(18,19). Moreover, the fine structure of MTs in the cellular
process (20) was previously ignored. A rigorous treatment
of FDAP/FRAP transients requires that the general reac-
tion-diffusion equations be solved. Except in some simpli-
fied cases, analytical solutions are usually difficult to
obtain. One well-known example is referred to as effective
diffusion. John Crank (21) has shown that reaction-diffusion
reduces to pseudodiffusion when the binding is nearly
instantaneous. The effective diffusion constant is then
smaller than the true one by a factor related to the proportion
of molecules which are on average free to diffuse. Many
biological processes are well interpreted in these terms,
e.g., the delayed relaxation of pH pulses along biological
membranes (22–24).

The relatively long dwell time of ~4 s of bound tau on
MTs, which has been determined from previous FRAP ex-
periments (14,25), seems to conflict with the fact that tau
does not interfere with axonal transport and appears incom-
patible with recent single-molecule data indicating a much
more rapid, kiss-and-hop, behavior of tau in axons of living
neurons, with a dwell time of ~40 ms on a single MT (26).
These discrepancies have prompted us to revisit the kinetics
of tau binding using FDAP analysis to determine indepen-
dently the on- and off-rates of tau in the MT array.
Biophysical Journal 107(11) 2567–2578
Following the pioneering work on reaction-diffusion of
transcription factors in the cell nucleus (18), we develop
here differential equations for reaction-diffusion of the tau
protein in a cylindrical cellular process, evaluate the full nu-
merical solution, construct analytical solutions under certain
simplifying conditions, and check their respective validity
domains by comparing them with the full numerical solution
and Monte Carlo simulations. The topological fine structure,
namely, the arrangement of parallel MT filaments in arrays
(20), and the case of diffusing bound tau are further explic-
itly taken into account. We believe that the interpretation of
FDAP transients in light of this theoretical treatment results
in new insight on the mechanism and role of the tau-MT
interaction in living neuronal cells.
MATERIALS AND METHODS

Construction of expression vectors

Eukaryotic expression plasmids for adult human tau (pRC/CMV-PAGFP-

htau(441)) and pRC/CMV-3�PAGFP have been described previously

(27,28).
Cell culture and transfection

PC12 cells were cultured in serum-DMEM essentially as previously

described (29). Undifferentiated cells were plated on 35-mm polylysine

and collagen-coated glass-bottom culture dishes (MatTek, Ashland, MA)

at 104 cells/cm2. Transfection was performed in Opti-MEM (Gibco, Lang-

ley, OK) with Lipofectamin 2000 (Invitrogen, Carlsbad, CA) as reported

previously (27). For neuronal differentiation, medium was exchanged

against DMEM with 1% (vol/vol) serum containing 100 ng/mL 7S mouse

NGF (Alomone Laboratories, Jerusalem, Israel), and the culturing was

continued for 4 days, with one medium exchange after 2 days. Before

imaging, the medium was exchanged against the same medium containing

DMEM without phenol red.
Confocal microscopy

Live imaging was performed on a laser scanning microscope (Eclipse

TE2000-U inverted; Nikon, Tokyo, Japan) equipped with argon (488 nm),

helium/neon (543 nm), and blue diode (405 nm) lasers. A Fluor 60� (NA

1.4) UV-corrected objective lens was used for photoactivation. The

microscope was enclosed in an incubation chamber maintained at 37�C
and 5% CO2 (Solent Scientific, Fareham, United Kingdom). Automated

image acquisition after photoactivation was carried out as previously

described (17). A single iteration of the photoactivation pulse employed

the blue diode. It was performed using rectangular photoactivation regions

with lengths of 16 mm and 8 mm for 3�PAGFP and PAGFP-tau, respectively,

and lasted 30–60 ms depending on the photoactivation region size. Frames

were obtained at a frequency of 1 frame/s, and 112 frames were collected

per experiment. Standard series were collected at resolution of 256 � 256

pixels.
RESULTS

Model outline

The process of a neuronal cell is modeled as an infinite
cylinder filled with binding sites for the protein of interest
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(e.g., tau), whereby one of the coordinate axes, say Oz, is
aligned with the cellular process. The binding equilibrium
of this protein, TF (at concentration [TF] when free), with
binding sites, MT (at concentration [MT]), in the cylinder
is as follows:

TFþMT%
kon

koff
TB; (1)

where TB denotes bound molecules at concentrations
�1 �1 �1
[TB], and kon (M s ) and koff (s ) are the on- and

off-rate constants, respectively. In this section, a rigorous
reaction-diffusion theory is developed on the basis of
seven assumptions. For the sake of clarity, the validity
of these assumptions and how violations could affect the
results of this study are postponed to the Discussion
section.

1. The PAGFP tag has no effect on the tau-MT interac-
tion.

2. Binding properties of tau to MTs are independent
of the longitudinal position within the cellular pro-
cess on spatial scales of FDAP/FRAP, i.e., kon s
f(z) and koff s f(z), where f(z) is an arbitrary func-
tion of z.

3. Before the photoactivating laser flash is fired, the protein
ensemble has attained equilibrium with the MT network
and the equilibrium concentrations [TF]eq, [MT]eq, and
[TB]eq have been settled.

4. Photoactivation does not disturb the number of the bind-
ing sites but only the fraction of detectable molecules, in-
dependent whether free or bound ([MT] ¼ [MT]eq ¼
const).

5. Transport of tau along the cellular process can be
neglected during a FDAP/FRAP experiment.

6. The concentration of specific binding sites related to
MTs is large relative to that of other binding sites unre-
lated to MTs.

7. The total concentration of tau molecules does not consid-
erably exceed the concentration of the available binding
sites ([TF]eq þ [TB]eq % [MT]eq).

Note that the dependence of kon and koff on the trans-
versal coordinates x and y (heterogeneous tau-binding
sites), as well as the case when bound tau molecules
diffuse upon MTs, will be further explicitly considered.
So far, the resulting reaction-diffusion equations read as
follows:

v½TF�
vt

¼ DV2½TF� � k�on½TF� þ koff ½TB�; (2A)

v½TB� ¼ k� ½TF� � koff ½TB�; (2B)

vt on

where k*on ¼ kon[MT]eq (s
�1) is the pseudo-first-order on-

rate and V is the cylindrical nabla operator. Normalization
of the free and bound equilibrium concentrations by the total
concentration [T]tot ¼ [TF]eq þ [TB]eq results in

½TB�eq ¼ k�on
koff

½TF�eq ¼ k�on
�
koff

1þ k�on
�
koff

: (3)

We derive solutions to Eq. 2 for the case of a cylinder of

radius R and infinite length. In our experiments, we
chose cells with straight processes >30 mm in length so
that neither the tip of the process nor the cell body
influenced the fluorescence distribution during the ob-
servation time. A cylindrical photoactivation region with
sharp axial borders serves as a good idealization to the
photoactivation profile, as validated by subsidiary numeri-
cal simulations (see Supporting Material). Regarding
the angle and radial properties of the photoactivation pro-
file, we presume that these are uniform independently of
the angle and the radial distance from the axial line of
the process, since the width of the photoactivation rect-
angle in the experimental set-up was chosen to be larger
than the apparent thickness (due to diffraction) of cellular
processes (~2 mm). Thus, the angular and radial terms in
Eq. 2 vanish and only the axial component Dv2[TF]/vz2

remains.
Simplified solutions

In the Supporting Material, we provide a complete proce-
dure for obtaining the general solution to Eq. 2 for the
FDAP decay within a cylindrical activation region. The
Laplace image of the normalized fluorescence intensity
averaged over the photoactivation region is

FDAPðpÞ ¼ ½TF�eq
p

�
1� 1� expð�2qsÞ

2qs

��
1þ k�on

pþ koff

�

þ ½TB�eq
pþ koff

;

(4)

where p is the inverse time, s is the half-length of the

activation region, and q is a parameter that depends on p,
k*on, koff, and D (see Supporting Material). Inversion of
the Laplace image yields the expected time course of
the FDAP signal. The inversion can always be numeri-
cally achieved (see Supporting Material). Imposing restric-
tions on the parametric set in Eq. 4, we find simplified
solutions in four special cases (see Supporting Material
for details on the derivation). Here, we adhere to the clas-
sification introduced by McNally and colleagues (18,19).
The four special cases have the following names and
properties.

Pure diffusion

Most of PAGFP-tagged molecules are free and infrequently
interact with the MT network.
Biophysical Journal 107(11) 2567–2578
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Effective diffusion

The reaction process is much faster than diffusion. The
binding equilibrium is rapidly established.

Reaction dominant

Diffusion is much faster than the reaction process.
Dissociation of PAGFP-tagged molecules from the MT
binding sites strongly regulates the relaxation of the
FDAP signal.

Hybrid behavior

The majority of the molecules are bound. Diffusion and
binding have similar timescales.

FDAP experiments on tau diffusion in cellular processes
of neuronal cells have been previously interpreted only in
terms of effective diffusion and the reaction-dominant
case (see, e.g., Konzack et al. (14) and Weissmann et al.
(17)), and by phenomenological multiexponential fits (15).
Table 1 lists the above-mentioned simplified solutions corre-
lated with the corresponding FDAP(t) or the Laplace
transforms and conditions at which these are achieved.
The respective parametric areas where the four simplified
solutions are fair approximations to the full numerical solu-
tion are shown in Fig. 1 (see also Supporting Material and
Fig. S1).
Diffusing-bound-state model

It has been assumed hitherto that only free tau diffuses,
whereas bound tau is immobile. Here, this particular restric-
tion is dropped. When bound molecules also diffuse, the re-
action-diffusion equations read as follows:

v½TF�
vt

¼ DFV
2½TF� � k�on½TF� þ koff ½TB�; (5A)

v½TB� ¼ D V2½TB� þ k� ½TF� � k ½TB�; (5B)

vt

B on off

where it is presumed that DB < DF. Following the same

solution strategy as for Eq. 2, the Laplace image of the
TABLE 1 Theoretical FDAPs for the four simplified solutions and p

Name FD

Pure diffusion FDAPpureðtÞ ¼ erf

ffiffiffiffiffiffi
tD
t

r
þ

ffi
p

r

Effective diffusion FDAPeffðtÞ ¼ erf

ffiffiffiffiffiffiffi
teff
t

r
þ

ffiffiffiffiffiffiffiffiffiffi
t

pteff

r �
e

Reaction dominant* FDAPreactionðtÞ ¼ ½TF�eqFD

Hybrid behavior FDAPhybridðpÞ ¼ 1

pþ koff

�
k

*Note that the reaction-dominant approximation is defined here according to Mi

fluorescence correlation spectroscopy analysis, unlike in the original definition
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normalized fluorescence intensity, when averaged over the
photoactivation region, is

FDAPðpÞ ¼ 1

p
� AðpÞ 1� expð�2l1sÞ

2l1s

þ BðpÞ 1� expð�2l2sÞ
2l2s

;

(6)

where p is again the inverse time, s is the half-length of the

activation region, and A(p), B(p), and l1,2 are parameters
that depend on p, k*on, koff, and DF and DB (see Supporting
Material). Analysis of the parametric space is represented in
Fig. S2.
The refined model

The models in Eqs. 2 and 5 describe reaction-diffusion
of an MT-associated protein in a cylinder with homoge-
neously distributed binding sites. Any fine structure, e.g.,
the packing of equally spaced, parallel MTs in a cellular
process (20), is ignored (Fig. 2, left). The resulting param-
eters k*on, koff, and D are hence merely phenomenological
and do not reflect the dynamics of diffusion between and
binding to single MTs in the array. In previous studies
on the macroscopic diffusion of molecules in a fiber
biopolymer network (30,31), two further parameters were
introduced, namely, the volume fill factor of the network
and its orientation. In the following, we model the reac-
tion-diffusion of molecules in an infinite cylinder of radius
R filled with an array of NMT equally spaced (inter-MT dis-
tance RMT-MT) and parallel MTs, each of radius RMT

(Fig. 2, middle). It is assumed that the diffusion of tau
molecules is restricted to the cytosolic phase between
MTs and that bound molecules do not diffuse. The parallel
orientation of MTs in the cylinder makes it possible to
divide this problem into two: reaction-diffusion in the
transverse plane and longitudinal diffusion. Let us start
with the former.

Given the concentration of free molecules, [TF], the con-
centration of binding sites, [MT], and the concentration of
bound molecules in the MT phase, [TB], the system of
arametric areas of their validity

AP(t) Conditionffiffiffiffiffiffiffi
t

tD

�
exp

�
�tD

t

�
� 1

�
, tD ¼ s2=D k�on<<koff

xp
�
�teff

t

�
� 1

�
, teff ¼ tDð1þ k�on=koffÞ tD>>1=k

�
on

APpureðtÞ þ ½TB�eq expð�koff tÞ tD<<1=k
�
on

off

p

�
1� 1� expð�2qsÞ

2qs

�
þ 1

�
k�on>>koff
tD � 1=k�on

chaelman-Ribeiro et al. (19), where a similar formalism was introduced for

for FRAP (18).



FIGURE 1 Superposition of the validity areas of the four simplified

solutions. The regime space shows where each simplified solution

approximates well the full numerical solution (the sum of squared resid-

uals, res2, is <0.01, D ¼ 10 mm2/s, s ¼ 2 mm). The area where none

of the simplified solutions is suitable is assigned to the full numerical

solution. While constructing the superposition, overlaps between dif-

ferent validity areas were assigned to the one for the simplified solution

with the fewest number of fit parameters. To see this figure in color,

go online.

Modeling Tau-Microtubule Dynamics 2571
equations describing lateral reaction-diffusion in the most
general case is

v½TF�
vt

¼ Vt$D
tðrtÞVt½TF� þ RFðc; rtÞ; (7A)

v½MT� ¼ R ðc; r Þ; (7B)

vt

MT t

v½TB� ¼ R ðc; r Þ; (7C)

vt

B t
FIGURE 2 Homogeneous and heterogeneous distributions of binding

sites over the cross section of the cellular process. (Left) In the homoge-

neous model, tau molecules diffuse and can bind at every position in the

cellular process. (Middle) If the fine structure of MT packing in the cellular

process is explicitly considered, tau molecules diffuse in cytosol and

interact with binding sites that are concentrated on MT filaments. The

average MT-MT distance (RMT-MT) in processes of PC12 cells significantly

exceeds the size of each MT filament (RMT). (Right) The effective medium

approach (EMA) properly homogenizes the heterogeneous model on scales

RMT << L << R (gray circle), thus implicitly accounting for the fine

MT structure, in contrast to a simple assumption that the binding sites

are smoothed over the volume of the process (left). To see this figure in

color, go online.
where c ¼ ([TF], [MT], [TB]) is a vector composed of the
concentrations, rt a position vector in the transversal plane,
and Vt the 2D nabla operator represented in a polar coordi-
nate system. The diffusion constant of the free-molecule
fraction,Dt(rt), and the nonlinear reaction rates, Ri, where
i ¼ F, MT, B, are expressed as

DtðrtÞ ¼ Dð1� qðrtÞÞ; (8A)

RFðc; rtÞ ¼ RMTðc; rtÞ ¼ �RBðc; rtÞ

¼

X
k

�� kon½TF�½MT� þ koff ½TB�
	
qðrtÞ; (8B)

where q(rt) ¼ 1 only within the MT phase and zero

elsewhere, and kon and koff , are the on- and off-rate con-
stants, respectively. To our knowledge, there is no analyt-
ical solution to Eq. 7. There have been several studies
(32–35) suggesting mathematical methods to homogenize
strongly heterogeneous systems of reaction-diffusion equa-
tions by means of coarse-grain averaging. One such
method is the effective medium approach (EMA) (34,35).
The idea behind it is to replace the heterogeneous system
in Eq. 7 with an effective one that describes the reaction-
diffusion on an intermediate spatial scale between the
size of the reactive obstacle and that of the total system
(Fig. 2, right). The desired system is expected to take
the form

vh½TF�i
vt

¼ Dt
effð4ÞV2

th½TF�i þ Reff
F ðhci;4Þ; (9A)

vh½MT�i ¼ Reff ðhci;4Þ; (9B)

vt MT

vh½TB�i ¼ Reffðhci;4Þ; (9C)

vt B

where Dt
eff and Ri

eff are the effective diffusion coefficient

and the effective nonlinear reaction rates, respectively, and
4 is the volume fill factor of MTs. The angled brackets
represent the coarse-grain average over the intermediate
scale. The effective medium approach (35) then yields the
effective diffusion coefficient and the effective reaction
rates given by

Dt
effð4Þ ¼ Dð1� 24Þ; (10A)

Reff
F ¼ Reff

MT ¼ �Reff
B ¼ �4konh½TF�ih½MT�i þ 4koffh½TB�i:
(10B)

To further account for the longitudinal diffusion, a diffusive
2 2
termDv [TF]/vz is added to Eq. 9A. We assume in doing so

that the diffusion along the cylindrical axis is less sensitive
to restrictions brought in by the MT network. It was not a
priori evident that the longitudinal diffusion is not affected
by the parallel MTs. Monte Carlo simulation of diffusion
Biophysical Journal 107(11) 2567–2578
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in a cylinder filled with MTs at different volume fill factors
showed that it holds true (Fig. 3).

Finally, making the same assumptions (1–7) as for the ho-
mogeneous case, the resulting effective 3D system becomes

vh½TF�i
vt

¼ D
v2h½TF�i

vz2
� k�onh½TF�i þ koffh½TB�i; (11A)

vh½TB�i ¼ k� h½TF�i � k h½TB�i; (11B)

vt on off

where k�on ¼ 4kon½MT�eq and koff ¼ 4koff denote the

apparent rate constants. The structure of Eq. 11 entirely rep-
licates that of Eq. 2, except that both actual reaction rates,
kon and koff , are now likewise 1/4 times increased compared
to the homogeneous ones. It should also be noted that the
equilibrium constant of tau binding to MTs is not affected
by EMA, i.e., Keq ¼ kon=koff ¼ kon=koff .
FDAP fitting and error analysis

Analysis of FDAP data was performed by a self-written
routine (see Supporting Material). After performing photo-
activation, the average of several FDAP curves, f(ti), was
calculated together with the standard deviation at each
time point, ti (s(ti)) The averaged curve was fit to the full re-
action-diffusion models, Eqs. 2 and 5, as well as to each of
the simplified solutions (see Table 1). The script minimized
the c2-value, defined as c2 ¼ P

i½ðf ðtiÞ � FDAPðtiÞÞ=si�2,
where FDAP(t) represents the fitted function. Errors for esti-
FIGURE 3 Monte Carlo simulations of FDAP transients for a nonreac-

tive molecule diffusing through the MT network along the cellular process

at various densities of MT packing. The FDAP transients were computed as

described in the Supporting Material (D ¼ 3 mm2/s, s ¼ 2 mm). The decays

were unaffected by the density of MT packing (i.e., the volume fill factor),

which was chosen to be less than the percolation threshold (4 ¼ 0.5) for

transversal diffusion (see Eq. 10A). To see this figure in color, go online.
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mated parameters were calculated as described in the
Supporting Material and included dispersion of the experi-
mental data.

To decide which model/approximation better described
the experimental FDAP signal, the reduced cn

2 ¼ c2/(n �
np � 1) values, where n is the number of time steps, and
np is the number of fit parameters, were compared for
models with the same number of fit parameters. For
those that had a different number of fit parameters, we
used F-tests at the 95% confidence level for the reduced
cn

2 ¼ c2/(n � np � 1).
Tau binding and diffusion in processes of living
PC12 cells studied by the homogeneous model

In line with the previous work (17), FDAP experiments with
a triple-PAGFP (3�PAGFP) were carried out as a control for
the case of pure diffusion without binding. The molecular
mass of 3�PAGFP is similar to that of PAGFP-tau
(82.8 kDa for 3�PAGFP and 75.2 kDa for PAGFP-tau).
Fig. 4 A shows the observed, averaged time course of the
FDAP signal and Fig. 4 B the fit by the pure-diffusion
approximation. The fit revealed the diffusion constant
D ¼ 13.9 5 2.4 mm2/s for 3�PAGFP. Moving forward to
FDAP experiments with PAGFP-tau, we assumed to reduce
the number of fit parameters that its diffusion coefficient (re-
calculated according to the mass dependence, D ~ M�1/3,
and taken as 14.4 mm2/s) was approximately the same as
that for 3�PAGFP. This value was in good correspondence
with the theoretically expected value (14).

Fig. 5 shows the average time course of the FDAP signal
for PAGFP-tau (Fig. 5 A) and various fits to this curve
(Fig. 5, B and C). The decay was much slower than that ob-
served for 3�PAGFP. This is compatible with the expected
FIGURE 4 FDAP of 3�PAGFP in cellular processes of PC12 cells. (A) A

confocal image series of a PC12 cell transfected to express 3�PAGFP. The

photoactivation region (with half-length s ¼ 8 mm) was located in the mid-

dle of cellular processes. Scale bar, 10 mm. (B) The experimental FDAP

transient (black circles, mean 5 SD, n ¼ 38) was well fitted by the pure-

diffusion approximation (red curve; see Table 1), yielding D ¼ 13.9 5

2.4 mm2/s (estimate 5 fit error). To see this figure in color, go online.



FIGURE 5 FDAP of PAGFP-tau in processes of PC12 cells. (A) A

confocal image series of a PC12 cell transfected to express PAGFP-tau.

Photoactivation was performed in the middle of the cellular process (with

the half-length s ¼ 4 mm). Scale bar, 10 mm. (B) The experimental

FDAP for PAGFP-tau (black circles, mean 5 SD, n ¼ 38) is slowed

down by transient interactions of tau molecules with MTs, as expected.

In contrast to 3�PAGFP, the experimental FDAP transient for PAGFP-tau

is not well fitted by either pure or effective diffusion (see Table 1). Blue

arrows indicate discrepancies between the fit and the experimental FDAP

transient. (C) The full numerical solution yields a better fit (k*on ¼
6.2 5 3.2 s�1, koff ¼ 0.13 5 0.06 s�1, estimate 5 fit error) compared to

pure and effective diffusion, as ensured by the F-test. The full spectrum

of estimates provided by the full numerical solution and the four simplified

solutions is given in Table 2. To see this figure in color, go online.

TABLE 2 Estimated parameters with errors obtained from fits

by the full numerical and four simplified solutions

Name Estimated parameters

Fraction of

bound molecules,

[TB]eq, %

cn
2-

value

Full numerical

solution

k*on ¼ 6.2 5 3.2 s�1 98.0 0.22

koff ¼ 0.13 5 0.06 s�1

Pure diffusion* D ¼ 0.25 5 0.10 mm2/s — 11.1

Effective diffusion Deff ¼ 0.25 5 0.10 mm2/s 98.3 11.1

k*on/koff ¼ 56.6 5 15.1

Reaction dominant k*on ¼ 0.06 5 0.03 s�1 86.3 18.1

koff ¼ 0.009 5 0.003 s�1

Hybrid behavior k*on ¼ 6.6 5 4.0 s�1 98.1 0.19

koff ¼ 0.13 5 0.07 s�1

*As follows from Table 1, the pure and effective diffusion approximations

are structurally identical and provide only one fit parameter. However, if the

free diffusion constant is known, one can calculate the ratio k*on/koff. The

estimated values for the diffusion constant and reaction rates are given as

estimate 5 fit error. The fraction of bound molecules was calculated

according to Eq. 3.
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reduction of the FDAP decay due to transient binding of tau
to MTs. We found that fits by the pure- and effective-diffu-
sion models were nonoptimal (cn

2¼ 11.1; see Fig. 5 B). The
fit by the full numerical solution provided much better coin-
cidence with the experimental curve (cn

2 ¼ 0.22 (Fig. 5 C)).
Here, the reduced cn

2-value was by a factor of ~50 smaller
than that provided by the fit with the pure- and effective-
diffusion models. The statistical F-test confirmed this
observation. We then asked whether any of the other two
simplified solutions produces good fits to the experimental
FDAP for PAGFP-tau. Only the hybrid behavior did
(cn

2 ¼ 0.19). Table 2 summarizes the resulting fit parame-
ters, the fractions of bound molecules, and cn

2-values
provided by each of the simplified regimes and the full nu-
merical solution.

The estimated on- and off-rates suggest a rather long dwell
time of PAGFP-tau on MTs, namely, tdwell ¼ 1/koff z 7.7 s
and an association time tassoc ¼ 1/k*on z 0.16 s (based on
the full numerical solution). The pseudoequilibrium con-
stant, K*eq ¼ k*on/koff z 48, was high and corresponded to
~98% of the total PAGFP-tau population being bound to
MTs on average over time (see Eq. 3). The long (apparent)
dwell time is compatible with a previous study (14) where
the effective-diffusion and reaction-dominant approxima-
tions were employed on an ad hoc basis.
Invoking the diffusion of bound tau

A previous study (36) (see also Scholz andMandelkow (25))
suggested that tau might diffuse along the MT lattice in vitro
with a diffusion constant of ~0.3 mm2/s. We found that the
full numerical solution for the diffusing-bound-state model
(Eq. 5) provided a good fit to the experimental curve for
PAGFP-tau (cn

2 ¼ 0.3). However, it held only when the
diffusion constant for the bound state (DB) converged to
zero. At nonzero values of DB, the fitting yielded much
greater cn

2. The estimates for the on- and off-rates were
compatible with those revealed by the model without
bound diffusion (see, Full numerical solution and Hybrid
behavior), namely, k*on ¼ 7.9 5 3.9 s�1 and koff ¼
0.16 5 0.07 s�1. Using the statistical F-test to compare
the fits by the full numerical solutions of Eqs. 2 and 5
showed no significant difference. We hence conclude that
diffusion of tau in the bound state, even if it exists, is
negligible.
Invoking the heterogeneous distribution of
binding sites in the MT array

The long (apparent) dwell time of tau on MTs has resulted
from a reaction-diffusion model with a homogeneous distri-
bution of tau-binding sites in a cylindrical volume. What if
the heterogeneous distribution of binding sites in the array
of parallel MTs is taken into account? According to the
refined kinetic model (Eq. 11) the apparent on- and off-rates
Biophysical Journal 107(11) 2567–2578
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differ from the actual ones by the volume fill factor of MTs
in the cellular process. The actual association and dwell
times are 4-times shorter than the apparent ones, namely,
tassoc ¼ 1=k

�
on ¼ 4tassoc and tdwell ¼ 1=koff ¼ 4tdwell. The

upper bound of the volume fill factor for the given topology
of MTs (Fig. 2, middle) was estimated as 4max z 0.013 (see
Supporting Material). Recalculation of the values for the
actual association and dwell times for PAGFP-tau yields
~2 ms and ~100 ms, respectively. The estimates are based
on the hybrid-behavior approximation.

There are, however, two possible reasons for overestimat-
ing the interaction times. First, the volume fill factor is diffi-
cult to assess precisely. The MT-MT distance in processes of
PC12 cells can vary and is in fact 705 20 nm (20), whereas
for the calculation of 4max, optimal packing of MTs in the
cellular process with a round cross section was assumed.
In addition, the shape of the cross section of the process
and the number of MTs in the array may differ from those
reported by Jacobs and Stevens (20), leading to an even
more reduced 4. Thus, both tassoc and tdwell may be equally
overestimated. Second, anomalous free diffusion of PAGFP-
tau in processes of living neuronal cells due to obstacles
other than MTs also might influence the macroscopic dy-
namics. These obstacles have no orientation (in contrast to
MTs) and are randomly distributed in the cellular processes,
thus contributing to the hindered macroscopic diffusion of
proteins in cytosol. As previously shown by Monte Carlo
simulations (37), kinetic models that ignore the diffusion
hindrance brought in by nonreactive obstacles may overes-
timate the dwell time of the molecules under study for large
photoactivation/bleach areas (R2 mm).
DISCUSSION

Elucidations of model assumptions

In this section, we elucidate some of the simplifying as-
sumptions regarding the reaction-diffusion model in Eq. 2
as introduced in the Results section and discuss possible
violations.

1. The PAGFP tag has no effect on the protein-MT interac-
tion. It is known that the carboxy-terminal half of tau
contains three or four imperfect repeats, which are
involved in MT binding (38,39). To minimize potential
interference with its MT interaction, PAGFP was fused
to the N-terminus of tau. Although tau is an intrinsically
unstructured protein, the possibility that modifying the
N-terminus may affect the behavior of tau cannot be
completely excluded. However, since there are no clear
experimental data that would suggest a dramatic effect
of the amino-terminal tag on the function of tau, we
consider the assumption to be appropriate.

2. Properties of tau binding to MTs are independent of the
longitudinal position within the cellular process on
spatial scales of FDAP/FRAP. It has been shown that
Biophysical Journal 107(11) 2567–2578
there is a gradient of tau within the axon, namely, that
the concentration of tau gradually increases toward the
growth cone (40,41). Although the basis of this is still
not clear, one can speculate on possible mechanisms.
First, the gradient might arise due the fact that tau is
actively transported toward the growth cone (25). How-
ever, in the elucidation to assumption 5 (see below),
we show that this does not affect the modeling. Second,
the gradient might arise due to differences in the affinity
of tau for MTs along the cellular process, i.e., when kon¼
f(z) and koff¼ f(z), where f(z) is an arbitrary function of z.
If this is true, it could explain the approximately three-
fold increase of fluorescence intensity in axons over a
distance of several hundreds of micrometers toward the
growth cone (see Fig. 6 in Black et al. (40)). Neverthe-
less, on the spatial scale of an FDAP/FRAP experiment
(tens of micrometers), the variation of the gradient in
the middle of axons is too weak. Thus, we can assume
kon and koff of tau to be independent of the position along
the cellular process. In addition, we used the PC12 cell
system, where this gradient may not occur at all.

3. Before the photoactivating laser flash is fired, the pro-
tein ensemble has attained equilibrium with the MT
network. Most FDAP/FRAP measurements are per-
formed on a timescale of minutes, whereas protein
expression lasts for hours. In the case of tau, a newly ex-
pressed protein also has to thread through the complex
MT network to get from the cell body to cellular pro-
cesses; its apparent mobility is reduced by infrequent in-
teractions with MTs. It was suggested recently that tau
can be translocated into axons via transport of tau
mRNAs that are translated there, hence creating local
sources of tau (25,42). This mechanism appears real-
istic, but again on timescales much longer than the
112 s of our FDAP experiments. In addition, the
FDAP method is not capable of tracing freshly made
proteins. Once the laser flash has been fired, only
the activated population is monitored. Thus, we can
assume that the number of both tau molecules and their
binding sites are at a constant level during an FDAP
experiment.

4. Transport of tau along the cellular process can be ne-
glected during an FDAP/FRAP experiment. It has been
proposed previously that tau is actively transported along
the axon at rates of slow axonal transport (0.002 mm/s on
average) (25,43). However, this mechanism of tau distri-
bution seems to be very efficient only at longer distances
(hundreds of micrometers) and/or timescales (hours).
None of these spatiotemporal characteristics arises dur-
ing an FDAP/FRAP experiment, which lasts on average
several minutes and encompasses an area several tens
of micrometers in diameter. Thus, diffusion through the
cytosol should dominate on these scales.
To quantitatively support the above reasoning we gener-
alize Eq. 2 so that it accounts for the transport. Namely,
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v½TF�
vt

¼ D
v2½TF�
vz2

þ v
v½TF�
vz

� k�on½TF� þ koff ½TB�;
(12A)

v½TB�
vt

¼ k�on½TF� � koff ½TB�; (12B)

where v denotes the average velocity of slow axonal
transport. Our task is to find a limit on the parameters
of the system at which transport processes can be ne-
glected while performing FDAP/FRAP. To do this, let
us calculate fluxes of activated tau proteins through two
arbitrary planes located perpendicular to the cell process
and equidistant from the activation region, {z ¼ 5L},
L > s, and calculate the difference between the fluxes.
Mathematically, the difference can be written as DJ ¼
J/ � J); where J/ ¼ ð~J �~n/Þ, J) ¼ ð~J �~n)Þ,
~J ¼ �DV½TF� þ~v½TF� is the flux, composed of a diffu-
sive component and an advective flux, and ~n/ and ~n)
are normals to the planes pointing away from the activa-
tion region. Following the solution strategy described in
the Supporting Material, one finds the expression for the
Laplace image of the difference:

DJ ¼ 2v½TF�eq
pðm1=m2 � 1Þ ðexpð�m2sÞ

� expð�m1sÞÞexpðm1LÞ;
(14)

where m1;2 ¼ �v=2DH
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2=4D2 þ q2

p
, s is the half-

length of the activation region, and q is a parameter
that depends on p, k*on, koff, and D (see Supporting
Material).
The transport can be neglected if jDJj/0, whereas
v s 0. The only condition under which this is achieved
is when a dimensionless parameter x ¼ vs/2D / 0, in
other words, when the velocity of transport is much
less than a critical transport velocity, vcritical ¼ 2D/s.
The critical transport velocity in our experiments varied
from ~3.6 mm/s to ~7.2 mm/s depending on the size of
the activation region. According to Scholz and Mandel-
kow (25) and Mercken et al. (43), tau is cotransported
along with short MTs from cell bodies into axons at
the average rate of 0.002 mm/s, which is much less
than the critical transport velocity in our experiments,
and so the transport can be neglected in the reaction-
diffusion models (Eqs. 2 and 5).

5. The concentration of specific binding sites related to
MTs is large relative to that of other binding sites unre-
lated to MTs. Tau is a multifunctional protein that inter-
acts with many partners in neurons (44), e.g., the neural
plasma membrane (45). The proportion of tau binding to
these partners has not been quantified previously. Our
recent data by single-molecule analysis (26) suggest
that MTs are the dominant interaction partners of tau
in the neuritic shaft. This justifies restricting the reac-
tion-diffusion model to only two states of tau, free (TF)
and bound to MTs (TB). Non-MT binding sites are
thus neglected. This is equivalent to the assumption
that the concentration of MT-specific binding sites is
much higher than that of non-MT binding sites.

6. The total concentration of tau molecules does not consid-
erably exceed the concentration of the available binding
sites. Knowing whether or not the MT array is oversatu-
rated by bound tau molecules is important for the deter-
mination of k*on. If the MT array is oversaturated, i.e.,
the total concentration of tau considerably exceeds that
of binding sites on MTs, the kinetic model (Eq. 2) may
underestimate the pseudo-on-rate due to the lack of bind-
ing possibilities for free tau. According to Butner and
Kirschner (46), tau has a relatively weak affinity for
MTs (Kd z 10�7 M). One can hence estimate the con-
centration of binding sites for tau, [MT]eq, using Eq. 3:

Kd ¼ ½TF�eq½MT�eq
½TB�eq

¼ koff
k�on

½MT�eq: (15)

Substituting the experimental values for the pseudo-on-
and off-rates (Table 2, hybrid behavior) into Eq. 15 yields
[MT]eq z 5 mM. This value is compatible with the
average concentration of tau in living cells, ~5 mM
(39). Note that [MT]eq reflects the concentration of bind-
ing sites for PAGFP-tau but not of the endogenous tau.
This means that MTs are not oversaturated even by
bringing in the exogenous PAGFP-tau. Hence, [TF]eq þ
[TB]eq % [MT]eq.
The topology of MT arrays and consequences for
the interpretation of FDAP/FRAP data

This study represents a rigorous reaction-diffusion theory
for FDAP/FRAP analysis of the tau-MT interaction in pro-
cesses of living cells that accounts for several considerable
omissions in previous studies (14,15,17). First, the pre-
sented formalism bridges the gap between techniques based
on ensemble measurements (such as FDAP, FRAP, and
FCS) and single-molecule approaches at high spatiotem-
poral resolution. This is achieved by explicitly considering
the fine structure of the MT array in the reaction-diffusion
equations. The mean spacing between MTs in the array
(RMT-MT) is greater than the radius of an MT (RMT <<
RMT-MT for PC12 cells). The binding sites for MAPs on
MTs are not homogenously distributed over the cellular pro-
cess but are clustered on the MT filaments. To our knowl-
edge, full analytical solutions to mathematical equations
describing this heterogeneous reaction-diffusion problem
have not yet been published. Coarse-grain averaging, how-
ever, allows extrapolation of the analytical solutions for
the homogenous case to the heterogeneous one. In EMA
(34,35), the volume fill factor of reactive obstacles, 4, is
introduced to reduce the reaction-diffusion equations of
Biophysical Journal 107(11) 2567–2578
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the inhomogeneous problem to a form resembling that of the
homogenous one with three, now effective, parameters, D,
k*on, and koff. The orientation of the biopolymer network
also plays an important role in defining the effective diffu-
sion constant. We have shown via Monte Carlo simulations
that the longitudinal diffusion along the array of parallel
MTs remains unaffected even for quite large values of 4
(Fig. 3). The true rate constants for binding ðk�onÞ and disso-
ciation ðkoffÞ are then related to the effective ones through
the volume fill factor, namely, k�on ¼ 4k

�
on and koff ¼ 4koff ,

whereas the equilibrium constant is independent of the
volume fill factor, Keq ¼ kon=koff ¼ kon=koff . The apparent
association and dwell times of tau in the MT array, as
inferred by interpreting FDAP transients in terms of the
reaction-diffusion model with homogeneously distributed
binding sites, are 1/4 times longer than the actual dwell
times related to a single MT. Second, our experimental
values for the dwell time (%100 ms) of tau on a single
MT in processes of living PC12 cells compare well with
those recently obtained by single molecule analysis in pro-
cesses of living PC12 cells (~40 ms), as well as in cultured
cortical neurons (26). This result, however, does not
disprove the much longer dwell time of ~4 s revealed by
FRAP in axons of living neurons (14). Indeed, without
considering the fine structure of the MT array, the FDAP/
FRAP analysis estimates a dwell time of tau on the MTarray
as a whole. Once the fine MT structure is taken into account,
the FDAP/FRAP analysis increases its resolution to measure
a dwell time of tau on a single MT filament. Interestingly,
this appears to be an accurate tool to estimate the volume
fill factor of MTs in processes of living neuronal cells, since
koff ¼ 4koff . The value 4max z 0.013, which was roughly
computed based on a regular shape of the cross section of
the process and an optimal arrangement of MTs, is thus a
good estimate of 4 z 0.01 based on a combination of the
FDAP/FRAP and single-molecule data. Third, we analyzed
a more complex case of tau distribution along the cellular
process, namely, the diffusion of bound tau. Our results
show that in contrast to in vitro data, this phenomenon is
rather negligible in living cells (36). We speculate that there
are two possible explanations for this discrepancy. On the
one hand, the diffusion of bound tau may not occur in living
cells due to its rapid on-off kinetics, i.e., a dwell time of tau
on single MTs that is simply too short. On the other hand,
Hinrichs et al. (36) used labeling of cysteine residues at po-
sitions 291 and 322, which are located directly in the repeat
region of tau. This might have encouraged conformations
that allow the diffusion of tau in the bound state. Our find-
ings are also of interest methodologically. The simplified
solutions for pure and effective diffusion are still applicable
(see Supporting Material and Fig. S2). As DB increased
and approached DF, the parametric region that was not
assigned to any of the simplified solutions was reduced
and nearly vanished. We also found a parametric region
where the diffusing-bound-state model could be formally
Biophysical Journal 107(11) 2567–2578
well described by the first scenario without diffusion in
the bound state. If the kinetic parameters were in this partic-
ular domain, the respective diffusion constants of the free
and bound proteins could not be independently extracted
from the FDAP transients. It seems impossible that multi-
component reaction-diffusion systems with fast and slow
components can provide independent estimates for the
diffusion constants under certain constraints on the reaction
rates, although the reaction rates themselves can still be
independently extracted. The region was quite large at small
values of DB and also vanished as DB approached DF (see
Fig. S2). Finally, we have demonstrated that the transport
of tau along cellular processes can be neglected while per-
forming an FDAP/FRAP experiment. Although this appears
to be a very efficient mechanism of translocation of tau
toward growth cones, on moderate spatiotemporal scales
(several tens of micrometers and several minutes), diffusion
through the cytosol prevails.
The rapid dynamics of tau and its effect on MT
regulation

Our study indicates that the dwell time of tau in an MT
array, as it exists in an axon, is ~100-fold shorter than pre-
viously estimated. What are the consequences of such a
short interaction with respect to a mechanistic understand-
ing of the role of tau in regulating the axonal MT dy-
namics? In cell-free assays, tau suppresses the MT
dynamics already at concentrations that are 10- to 20-
fold lower than the physiological tau/tubulin ratio (12),
which might indicate that microtubules react in a very sen-
sitive manner to the presence of tau. Let us assume that the
affinity of tau for MTs does not depend on a position on
each particular MT, i.e., that it is identical for MT tips
and the remaining parts. A recent study (47) on the kinetics
of MT assembly revealed that the association and dissoci-
ation rates of tubulin to/from MTs both depend on the
free tubulin concentration and are nearly equal to each
other at all free tubulin concentrations. These rates also
turned out to be higher by an order of magnitude than pre-
viously thought. According to this study, the MT assembly
is hypersensitive to small changes in the tubulin off-rate,
namely, a 10-fold increase in the net growth rate of an
MT can be achieved by increasing the lifetime of tubulin
in the GTP cap by a factor of 2. Under physiological con-
centrations, the average lifetime of a tubulin dimer in the
GTP cap of an MT is ~1 ms (48). Hence, even a dwell
time of tau on MTs that is only several tens of milliseconds
(%100 ms in our study) would be enough to suppress the
tubulin off-rate. Permanent or long-lived (~4 s, as in
Konzack et al. (14)) binding of tau to MTs is simply not
required to fulfill this function. Binding to the rest of
MTs probably serves other functions, such as maintaining
the MT-MT distance (49) and protecting MTs from
severing enzymes like katanin (50).
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The rapid dynamics of tau and its effect on the
axonal transport

In vitro studies (6,51) have provided evidence that binding of
tau toMTs affects the mobility of kinesin, suggesting that tau
inhibits fast axonal transport. However, results from these
studies are not consistent with in vivo experiments (9), where
even a high excess of tau did not interfere with fast axonal
transport. Thus, it seems surprising that tau, despite being
up to ~98% bound to MTs, does not affect the axonal vesicle
transport rates. The solution to this puzzle, we think, is that
the assumption that axonal MTs are decorated by long inter-
acting tau proteins is wrong (see, e.g.,Dixit et al. (6)). If the
true dwell time of tau on a MTwas several seconds, as sug-
gested by the homogenous reaction-diffusion model, one
would expect hindrance of the activemovement ofmotorpro-
teins progressing at an average velocity of ~1 mm/s (52).
Given the total concentration of tau in neuronal cells,
~5 mM (39), and the average ratio of bound tau molecules,
[TB]eqz 98%, the average distance between the two closest
tau molecules bound to the same MT,<l>, can be estimated
using the formula <l>2 ¼ SMT/Ntau, where <l>2 is the
averageminimal area per bound taumolecule, SMT is the total
area of the MT surface, and Ntau is the total number of bound
tau molecules. For a cellular process of radius R ¼ 0.5 mm
filled with NMT ¼ 60 parallel MTs, each of radius RMT ¼
12.5 nm (20), we come up with <l>z 45 nm. This implies
that a processing kinesin molecule would encounter ~170
bound taumolecules within the dwell time (~7.7 s) suggested
by the homogeneous reaction-diffusionmodel. Since the true
dwell time of tau on MTs is shorter by two orders of magni-
tude, the apparent paradox is resolved. On average, bound tau
molecules dissociate before being encountered by kinesins;
the fast dissociation in turn is compensated by the high asso-
ciation rate of tau to MTs. Almost constant binding of tau
does not contradict the high on- and off-rates.
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